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Physical and Mathematical 
Description of Fluid Motion
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External Force in 3 directions

Internal Force generated by pressure in the x direction
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Newton’s Second Law
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(Navier-Stokes Equations)
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ρ + 𝑢 + 𝑢 + 𝑢 = − + μ + +

ρ + 𝑢 + 𝑢 + 𝑢 = − + μ + +

ρ + 𝑢 + 𝑢 + 𝑢 = − + μ + + − ρg

ρ + 𝑢 + 𝑣 + 𝑤 = − + μ + +

ρ + 𝑢 + 𝑣 + 𝑤 = − + μ + +

ρ + 𝑢 + 𝑣 + 𝑤 = − + μ + + − ρg

ρ + 𝑢 = − + μ − ρg𝛿
𝛿 = 0
𝛿 = 0
𝛿 = 1

Kronecker Delta
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(Boussinesque Approximation)

Hypothesis

1. Air viscosity coefficient doesn’t change（μ = constant)

2. Air is not Compressible

3. Instantaneous and reference value are relatively small
Pressure Temperature Air Density

Reference P0 T0                                ρ0

Instantaneous P                        T ρ

P1=P – P0 T1=T – T0 ρ1= ρ – ρ0

≪ 1  ≪ 1          ≪ 1 



Equation of state
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Approximation of Continuity Equation



Approximation 
of Motion
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Approximation of the Motion Equation 
(Mass, Pressure and Force Terms)
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Approximation Equation of Motion (Velocity, Mass, 
Viscosity, Force)
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Heat Transfer Equation

Molecular motion 
Equation



Heat Transfer Equation Approximation

Molecular Motion Approximation

𝒊
𝑱

𝒊

𝑱

𝟏

𝟎 𝒊

𝟐
𝒊

𝑱 𝑱

𝟏

𝟎
𝟑𝒊

Equation of Motion Approximation



Reynold’s Averaging
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Equation of motion to Turbulence
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Momentum Flux
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CO2 Flux
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Heat Flux
𝑯 = 𝝆𝟎𝑪𝒑𝑻  𝒘

Latent Heat Flux
 𝑳𝑬 = 𝑳𝝆𝒉𝟐𝟎 𝒘

CO2 Flux 
𝑭𝒄 = 𝝆𝒄𝟎𝟐 𝒘

Momentum Flux   
𝝉 = −𝝆𝟎𝒖  𝒘

Trace Gas Flux
𝑭𝒕 = 𝝆𝒕 𝒘

Latent Heat Flux

 𝑳𝑬 = 𝑳
𝑴𝒘𝝆𝒅

𝑴𝒅
χ𝒉𝟐𝟎 𝒘

CO2 Flux

𝑭𝒄 =
𝝆𝒅

𝑴𝒅
χ𝒄𝒐𝟐 𝒘

Trace Gas Flux

𝑭𝒕 =
𝝆𝒅

𝑴𝒅
χ𝒕 𝒘







Example: Calculate CO2 Flux 

z

'w 

'w 

𝐹 = 𝑤′𝜌′

R. Leuning, 2010

u

T

H2O

i
mg m3 m s-1 mg m-2 

s-1

1 - 20 0.2 -4
2 10 -0.1 -1
3 -30 0.1 -3
4 20 -0.2 -4
5 20 0 0

𝜌 𝑤 -12

𝐹 = 𝜌 𝑤 =
1

5
𝜌 𝑤 -2.4

5Hz



The Generation and Dissipation of 
Turbulence 



Turbulence Generation and 
Dissipation (General Expression)
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Turbulence Generation and 
Dissipation (Expanded Expression)

Kinetic 
Energy 
Change

Underlying 
Surface 
Friction

Air 
mass up 
and 
down

Pressure 
transport

Turbulent 
transport

Viscosity

Turbulence Flow：Air mass rises and lessoning of viscosity 

Turbulence dissipation：Air mass sinks and viscosity increases

Turbulence Transport：Pressure and turbulent transport



Length of Monin Obukhov and Stability of Atmospheric Boundary Layer

Monin-Obukhov length

𝐿 = −
𝑢∗ /𝑘

𝑔/𝑇 (𝑇 𝑤 )

Near-surface 
Stability

𝒛

𝑳
= −

𝒈/𝑻 𝑻 𝒘

𝒖∗
𝟑/𝒌𝒛

Diminsionless
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Application of Atmospheric Boundary Layer Stability

According to Monin-Obukhov hypothesis, various atmospheric 

parameters and statistics such as gradients, variances, and 

covariance; when normalized the scaling velocity u* and scaling 

temperature T* ; become universal functions of z/L [p15,Kaimal & 

Finnigan(1994).   
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Wind speed and temperature gradients 
are functions of the stability
p14, Kaimal & Finnigan(1994)
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Wind speed and temperature fluctuations are 
functions of the stability
p14, Kaimal & Finnigan(1994)
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Turbulent energy dissipation is a function 
of stability
p14, Kaimal & Finnigan(1994)
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Kljun et al (2015)



Near-surface stability
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𝒛
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H
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Rn> 0
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Co-spectrum of vertical and 
horizontal wind speed  under 
differing stability
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